The family of n-bit Toffoli gates, with the 2-bit Toffoli gate as the figurehead, are of great interest in quantum information as they can be used as universal gates and in quantum error correction, among other things. Here we present a simple single-step implementation of arbitrary n-bit Toffoli gates. The gate time of the implementation is independent of the number of control qubits, and the fidelities of our systems are well above 0.98 for up to five control qubits, with the major contribution to error coming from the qubit decoherence time. We discuss an implementation of the gates using superconducting circuits, however, the ideas presented in this paper is not limited to such implementation. We also show how these ideas can be used to make a series of CNOT-gates more efficient by performing all CNOT-gates in a single time step. Lastly we combine all of the above to create efficient quantum error correction codes. Specifically we simulate the three-qubit bit flip code and the Steane seven-qubit encoding, both with high fidelity.
I. INTRODUCTION
The n-bit Toffoli gates are a family reversible logic gates, where each gate have n control bits and one bit which is inverted if the control bits are in the right state. The n-bit Toffoli gates, and especially the 2-bit Toffoli gate, simply known as the Toffoli gate [1] , are of great interest in the field of quantum information [2] . The 2-bit Toffoli gate, on its own, is a universal gate in classical computing and together with the Hadamard gate it constitutes a universal set of quantum gates [2] . The n-bit Toffoli gates are further important since they play a pivotol role in schemes for quantum error correction [3, 4] , fault tolerant quantum computing [5, 6] , and in Shor's algorithm [7] .
While simple high fidelity implementations of the 1bit Toffoli gate, simply known as the CNOT-gate, have been achieved within the last decades [8] [9] [10] [11] , a highfidelity Toffoli gate with n ≥ 2 remains elusive. This is due to the fact that gates operating on three or more qubit systems are difficult to realize and that at least five two-qubit gates and several single-qubit gates are necessary for implementing the 2-bit Toffoli gate without using a three-qubit gate [12, 13] . Most experimental implementations of the Toffoli gate are based on this two-qubit implementation and achieves a rather poor fidelity, using ion trap systems [14] , or linear optics [15] . Implementations in superconducting circuits have also been achieved using qudits with more than the two lowest states, again with rather low fidelities [16, 17] .
In recent years a lot of effort has been put into creating simpler schemes for the implementation of the 2-bit Toffoli gate using fewer steps [18] [19] [20] , with experimental implementations reaching fidelities up to approximately 0.98 using single photon post selection techniques [21] and in ultra cold neutral atoms [22] . * stig@phys.au.dk † zinner@phys.au.dk Implementations of higher order n-bit Toffoli, (i.e. n > 2) gate is relatively unexplored, and these gates are usually based on putting together several lower order gates, much in the same way the 2-bit Toffoli gate can be created with two-qubit gates [23, 24] .
Here we present a simple single-step implementation of the n-bit Toffoli gate for an arbitrary n. The idea behind the implementation can be realized using different schemes for quantum information processing, and we include circuit design for an implementation of the Toffoli gate in superconducting circuits. The gate is performed in a single step in the sense that it only requires a single drive on the target qubit. This means that the gate time is independent of the number of control qubits. By simulating the gates we find that when decoherence is neglected the fidelity is approximately constant above 0.995 for up to five control qubits, and when decoherence is included the fidelity stays above 0.98. This simple idea can also be used to perform several CNOT-gates in series more effectively, as they can be applied all at once. This opens up for some quite effective error correcting since encoding of the qubits can be done in fewer steps.
The paper is organized as follows: In Sec. II we present a simple Hamiltonian and show how it yields an n-bit Toffoli gate. We also discuss the effectiveness of the gate exploring the important n = 2 case as an example in Sec. II A. We further, in Sec. II B, present an implementation using superconducting circuits of the 2-bit Toffoli gate and discuss how to expand it to more controls. In Sec. III we explain how to use the same ideas as in Sec. II to implement a CNOT-gate on several qubits at the same time. In Sec. IV we put the two previous ideas together and show an efficient quantum error correction by simulating the three-qubit bit flip correcting code and the Steane seven-qubit code. J for all i, i.e., the Ising interaction is much larger than the driving. Note that we do not require the J z i 's to be equal, but we do require them to be of the same order of magnitude for one of them to not dominate over the others. With these conditions both terms of H rot will rotate rapidly, and can thus be neglected using the rotating wave approximation, unless all of the control qubits are in the state |1 . This means that our Hamiltonian effectively becomeŝ
where subscript C denotes the state of the control qubits, i.e., the first n qubits, and T denotes the state of the target qubit, i.e., the zero'th qubit. The state |1 C = |11 . . . 1 C denotes the state where all control qubits are in the state |1 . We can calculate the time evolution operator by taking the matrix exponential,Û (t) = exp(iĤ rot t), which yieldŝ
whereÎ C denotes the reduced identity of the control qubits where the states |1 1 | C have been removed. The identity of the target qubit is denoted I T , and σ x T = |1 0| + |0 1| denotes the Pauli X-gate which is equivalent to the NOTgate.
From Eq. (7) we see that for times T = (2m + 1)π/J, m ∈ Z the time evolution operator takes the form of an n-bit Toffoli gatê
with a phase of ±i on the target qubit if it is changed, depending on the sign of ∓|J|. Such a phase can be taken care of with a single-qubit phase gate, an operation which can be done in approximately zero time [25] .
A. Example: The Toffoli gate
In order to illuminate the performance of the system operated as an n-bit Toffoli gate we explore the example of the 2-bit Toffoli gate. We chose this example due to its merits as mentioned in the introduction. A schematic presentation of the model yielding the Toffoli gate can be seen in Fig. 1(a) , which corresponds to Eq. (1) with n = 2 and not including the driving.
We characterize the performance of the Toffoli gate by calculating the average process fidelity, which is defined as [2, [26] [27] [28] where the integration is performed over the subspace of all possible initial states and E is the quantum map realized by our system. We simulate the system using the Lindblad Master equation and the interaction Hamiltonian of Eq. (4) using the QuTiP Python toolbox [29] . The result is then transformed into the frame rotating with the diagonal of the Hamiltonian, and then the average fidelity is calculated.
For all simulations we have J z /(2π) = 40 MHz, while we change the driving J/(2π) from 4 to 20 MHz. The average fidelity of the simulation can be seen in Fig. 2 together with the gate time. The figure shows both the average fidelity without any decoherence and with decoherence time of T 1 = T 2 = 30 µs [30] . Without any decoherence we find that the average fidelity increases asymptotically towards 1 as the driving decreases, with the only expense being an increase in gate time. Since decoherence increases over time, a longer gate time means lower fidelity, which is exactly what we observe when including decoherence in the simulations. In this case we find that the fidelity peaks just above 0.99 at J z /J = 5, which yields a gate time of T = 62.5 ns. This fidelity is higher than any previously measured Toffoli gate fidelities [21, 22] . However, we note that the fidelity is dependent on the parameters J and J z thus changing these will change the fidelity. The oscillation of the average fidelity is due to a small mismatch in the phase of the evolved state compared to the desired matrix in Eq. (7) , which disappears when J z /J ∈ Z.
We investigate the peak fidelity of the n-bit Toffoli gate as a function of the number of control qubits. This is done by simulating the gate for different n but with J z /J = 5 in all cases. The result are seen in Fig. 3 . Surprisingly we find that when we do not include the decoherence of the qubits the average fidelity is not just constant, it increases when there are more than two control qubits and we stay above 0.995 in fidelity for all cases. The increase in fidelity can be understood since when n increases, ω increases as well, as it is the sum of all Ising couplings, which means that the approximation yielding Eq. (4) becomes more accurate. When decoherence is included the fidelity decreases as the number of qubits increases as one would expect. Thus we can conclude that the major contribution to error in the scheme is the decoherence of the qubits.
B. Superconducting circuit implementation
A possible implementation of the 2-bit Toffoli gate using superconducting circuits can be seen in Fig. 1(b) . The circuit is inspired by the circuit realizing the coherent quantum router in Ref. [31] The circuit consists of three transmon qubits [32, 33] , where two of them are connected to the third by Josephson junctions, with as small a parasitic capacitance as possible. Such a circuit has the following Hamiltonian
whereφ i are the node fluxes andp T = (p 0 ,p 1 ,p 2 ) are the conjugate momenta, fulfilling the commutator relation
The Hamiltonian is the general Hamiltonian for an n-bit Toffoli gate, and in the case of Fig. 1 (b) one needs n = 2. The capacitive couplings yields transversal XX-couplings between all the qubits in the model. We are, however, not interested in these couplings, and thus we require C z C i , for i = 0, 1, 2, . . . , n which will leave the capacitance matrix being approximately diagonal, effectively suppressing undesired transversal XX-couplings between the control qubits stemming from the capacitances. We further detune the target qubit from the control qubit such that the remaining XX-couplings is suppressed. This leaves only longitudinal ZZ-couplings as desired. This limit were the longitudinal coupling domi-nates over the transversal couplings is within experimental reach [34] . When truncating the Hamiltonian in Eq. (10) to a two level system one reaches the non-driving term of the Hamiltonian in Eq. (4) . We obtain the driving part of the Hamiltonian by applying a microwave field to the third qubit, i.e., to the green part of the circuit in Fig. 1 . A detailed calculation going from the circuit design to the gate Hamiltonian can be found in Appendix A.
III. A SINGLE CONTROL, MULTIPLE NOT-GATES
Multiple application of a CNOT-gate on several different qubits, with the same qubit controlling all the gates, are essential in many aspects of quantum information, particularly in error correction such as Shor's code [2] . We therefore present a scheme for implementing multiple CNOT-gates with the same control qubit in a single time step. We will refer to this scheme as a C(NOT) n -gate.
Starting with n + 1 qubits, the first n qubits are connected with Ising couplings to the zeroth qubit as in the n-bit Toffoli gate. We now drive the first n qubits instead of the zeroth qubit. Thus the Hamiltonian takes the form
where H 0 is given in Eq.
(2) and the amplitude of the driving is given in Eq. (3). This is essentially the system as depicted in Fig. 1 (a) but with driving on the blue qubits. Changing into the frame rotating with the diagonal of the Hamiltonian we find
This Hamiltonian flips the spin of the n target qubits depending on the state of the single control qubit, if we require ω i = J z i . This happens at the same time since the single driving and the time evolution operator takes the formÛ
whereÎ Ti is the identity of the ith target qubit and σ x Ti is the Pauli X-gate of the ith target qubit. We find that the phase on the flipping part of the operator is dependent on the number of target qubits. It makes no difference, however, as it can still be taken care of [25] .
Since the Hamiltonian is constructed in the same way as the n-bit Toffoli gate, one can use the same superconducting circuit design for both the n-bit Toffoli gate and . Effective three-qubit error correction code using two C(NOT) 2 gates and a Toffoli gate. We denote the top qubit 1, the middle qubit 2 and the lowest qubit 3.
the C(NOT) n -gate. It is simply a matter of which qubits are driven with a microwave field. This also means that a numerical simulation of the C(NOT) n gate as a function of the ratio J z /J yields an average fidelity comparable to the one for the n-bit Toffoli gate in Fig. 2 , however with a slightly lower fidelity since ω i is now only dependent on one Ising coupling coefficient and not the sum of all of them. This means that the approximation leading to Eq. (4) is not improved by adding more qubits as in the case of the n-bot Toffoli gate. The peak average fidelity can be seen in Fig. 3 , where the average fidelity decreases as a function of the number of qubits. Note that the 1-bit Toffoli gate is the same as the CNOT-gate, which is why the average fidelities are identical in this case.
IV. APPLICATION OF THE SYSTEM
In this section we discuss how to use the results above to create an efficient error correction code. We consider on the three-qubit bit flip code [2] and the Steane sevenqubit code [35, 36] . We focus on bit flip rather than phase errors in the three qubit code, since the decay time for relaxation is usually half the decay time for dephasing in the case of transmons [33, 37] . One can however easily change the code into correcting phase errors by applying Hadamard gates around the source of error [2] .
The three-qubit code has previously been implemented using superconducting circuits to a fidelity of 0.85 [17] and with trapped ions to a fidelity of approximate 0.98 [38] . The Steane seven-qubit code have been implemented with a fidelity between 0.85 and 0.95 using trapped ions [39] .
A. Three-qubit bit flip code
The original three-qubit bit flip code works by first applying two CNOT-gates before the error source, and then two CNOT-gates after the error followed by a single 2-bit Toffoli gate. This means a total of 5 steps. However, using our results the code can be performed in merely three steps: Apply a single C(NOT) 2 -gate before the source of error, a single C(NOT) 2 gate after the error, and finally a single n-bit Toffoli gate. A quantum circuit of the error correcting code can be seen in Fig. 4 .
The error correction code has been simulated using the Lindblad Master equation using the QuTiP Python toolbox [29] . The three qubits are initiate with an Ising coupling of J z /(2π) = 40 MHz between them. The two first qubits are initiated in the state |0 , while the third qubit is initiated in the normalized state
The system is then operated as a C(NOT) 2 gate by driving the two first qubits with an amplitude of J = J z /5 for the time T = π/J. After this a bit-flip error might occur. This is followed by another driving of the two first qubits for T = π/J. Finally the last qubit is driven for one period. All this is done in less than 200 ns. By averaging over the Bloch sphere for the input state |ψ in Eq. (14) we find the average fidelity of the code. In Fig. 5 we present the average fidelities for the three-qubit error correction code for a single bit-flip on the different bits. From the simulation we se that the error is corrected with a fidelity above 0.99.
B. Steane code
The Steane code is a bit more intricate than the threequbit as it involves encoding on seven qubits. This is two more than the minimum number of qubits needed for protection against both bit flip and phase errors [2] , however it is the simplest CSS code which protects against both bit flip and phase errors. The encoding scheme for the Steane code can be seen in Fig. 6 .
As the encoding scheme only uses C(NOT) 2 and C(NOT) 3 gates, it is necessary to be able to perform gate operations on some of the seven qubit but not all. This can be achieved in situ in superconducting circuits by varying the magnetic flux through the Josephson junctions which connects qubits which are desired unconnected. An overview on how to connect the seven qubits in the four steps of the encoding can be seen in Fig. 7 . Using the Figure 6 . Encoding scheme for the Steane code. The state of qubit Q, |ψ is encoded into the seven-qubit, using one C(NOT) 2 gate and three C(NOT) 3 gates. The first three qubits are prepared in the state |+ = (|0 + |1 )/ √ 2, while the last three qubits are prepared in the state |0 . regular CNOT-gate the Steane encoding takes 11 steps, while with C(NOT) n -gates it can be done in just four steps. We simulate the system using the Lindblad Master equation. Seven qubits are initiated, three in the state |+ = (|0 + |1 )/ √ 2, three in the state |0 , while the last qubit is initiated in the state of Eq. (14) . The Ising coupling is in all cases J z /(2π) = 40 MHz, and the driving of the target qubits is the same for all steps, yielding a total time of 4T for the encoding to being implemented. We average over the Bloch sphere for the input state |ψ in order to find the average fidelity. The fidelity is found by taking the overlap between the seven-qubit output state and the state α|0 L + β|1 L , where the expression for the two states |0 L and |1 L is the appropriate encoding states for the Steane code, with the phases of the C(NOT) n gates added. These can be seen in Appendix C. These phases are well known and do not influence the encoding.
The results of the simulation can be seen in Fig. 8 . The result is similar to the one presented in Fig. 2 , however, with longer gate times and lower fidelities. When not considering decoherence, the lower fidelity is also a result of the fact that we need four gates, and thus the infidelity of each gate accumulate. The fact that the fidelity peaks just below 0.9 when including decoherence in the simulation is due to the fact that seven qubits increases the amount of decoherence. The longer gate time is a result of the fact that we are now dealing with four gates, compared to one in Fig. 2 . However, this is still a rather short time compared to if we had only used two-qubit gates, which would increase the gate time by almost a factor of three.
V. CONCLUSION AND OUTLOOK
We have proposed a simple single-step implementation of n-bit Toffoli gates and C(NOT) n -gates and shown that these exhibit a high fidelity for up to 6 qubits. As an example of a an implementation of the gates for quantum information processing we have included a superconducting circuit design of the gates, though the idea is not limited to superconducting circuits.
By simulating the gates we have shown that the gates can easily be concatenated into error correction codes. The gates proposed in this paper are not limited to the three-qubit error correcting code or the Steane code. They can be applied to numerous other codes making them more effective.
The gates proposed in this paper can easily be transformed into C n Z or CZ n gates. This can of course be done by applying Hadamard gates to the qubits which are being flipped, however, there is a more elegant way to do this. If we exchange the Pauli X-operators with Z-operators in Eq. (1) or Eq. (11) and vica versa we obtain C n Z or CZ n gates respectively. This is the same idea as applying Hadamard gate before and after, as the Hadamard gates effectively changes the basis.
Following the procedure of Refs. [40, 41] we obtain the following Lagrangian from the circuit diagram in Fig. 1(b 
whereφ i are the node fluxes across the Josephson junctions of the respective qubits. The two first terms come from the capacitors and are interpreted as kinetic terms, and the remaining terms come from the Josephson junctions and are interpreted as potential terms. The n indicates the number of blue transmon qubits on the circuit diagram, i.e., in Fig. 1(b) 
The Lagrangian can be rewritten into the Hamiltonian in Eq. (10) doing the usual Legendre transformation. The capacitance matrix in the 2-bit case is then
while in the 3-bit case (see Fig. 9 for circuit diagram of the 3-bit case) it becomes
and so on for higher n. The typical transmon have a charging energy much smaller than the junction energy, and therefore the phase is well localized near the bottom of the potential. We can therefore expand the potential part of the Hamiltonian to fourth order
By collecting terms we can write the full Hamiltonian as
where the effective energy of the capacitances is E C i = (K −1 ) (i,i) /8. Note that there is a capacitive coupling between all of the qubits regardless of whether there actually is a capacitor between them. The effective Josephson energies are
We now do the canonical quantuzation ϕ i →φ i and p i →p i , requiring that [p i ,φ j ] = iδ ij . This allows us to change into ladder operatorsφ
with impedance ζ i = (K −1 ) (i,i) /E J i , and the Hamiltonian takes the form
If the anharmonicity, α i = E C i /2, of the qubits are sufficiently large, we can justify projecting the Hamiltonian into the lowest two eigenstates of each qubit
where we have neglected terms that do not conserve number excitation, such as σ ± i σ ± j (this is the rotating wave approximation). We note that the first term is the desired non-interacting Hamiltonian, and the second term is the Figure 9 . Implementation of the 3-bit Toffoli gate. Figure (a) shows a schematic representation of the model implementing the 3-bit Toffoli gate, with the green sphere representing the target qubit and the blue spheres representing the control qubits. Figure (b) shows the superconducting circuit yielding the model in figure (a) . The different parts of the system are colored according to their role, as per (a).
desired Ising coupling term. The qubit frequencies and the coupling strengths are given as
If the detunings ∆ i0 = Ω i − Ω 0 , of the zeroth qubit compared to all other qubits are all much larger than the transverse couplings in Eq. (A7d), we can ignore the first order excitation swaps between these qubits. In this case the Hamiltonian takes the formĤ
The last term represents the cross couplings between the ith and jth qubit for i, j = 1, 2, . . . , n. We can get rid of this term by requiring C z,i C i , which make the Hamiltonian take the desired form.
The driving term
We are now ready to consider the driving term, i.e., the last term of Eq. (1). If we drive the system capacitively, which yields the following driving Lagrangian
which drives the ith qubit. We simply add such terms for each qubit we wish to drive. The external driving field is given as
where A is the amplitude of the driving,ω i is the driving frequency, and θ the phase. We rewrite the driving terms as
where we have expanded the driving field in the in-phase component and the out-of-phase component. Expanding the parenthesis of L d yields
where the first term is a kinetic term which can be absorbed into the diagonal of the capacitance matrix, the second term is some irrelevant offset term, while the last term is the interesting term regarding the driving of the system. This alters the conjugate momentum slightly
where ϕ is the vector of node fluxes, and φ is the vector of driving terms. Doing a Legendre transformation the kinetic part of the Hamiltonian takes the form
The first term is the original kinetic term (with the added driving capacitance), the second term is the irrelevant offset term, and the last two terms are the driving terms yielding
Doing the canonical quantization and changing into step operators we obtain
Truncating to a two-level model as above we find
from which we realize that
and if we chose θ = 0 andω i = Ω i + ω i we see that J = −A(Ω i + ω i )(K −1 ) (i,i) / √ 2ζ i . Note that we need not necessarily θ = 0 for the gate to work. In fact it can be an advantage to have an out-of-phase component in order to minimize leakage to higher excited states, when the anharmonicity is small using e.g. pulse-shape engineering schemes [42] [43] [44] [45] [46] [47] [48] .
Appendix B: Realistic parameters
Here we presents parameters for the circuit model in Fig. 1(b) which yields the desired gate model of Fig. 1(c) . The parameters are found by calculating the gate model parameters in Eq. (A7) and then minimizing a cost function which returns a low value when the requirements of the gate model is met. In order to judge the quality of the circuit parameters we also calculate the relative anharmonicity of the 2-level systems, i.e., the difference between the 01 and the 12 transition, and the ratio between the effective Josephson energy and the effective capacitive energy.
In order to simplify the numerical investigation we have assumed that the parameters of the control qubits are identical. The parameters obtained are presented in Table I . As expected we see that the capacitance of the coupling C z,i should be low compared to the other couplings. We note that we get Ising couplings in the range |J z | ∈ [25, 320] and in all cases dominating the cross coupling J x ij . The swapping couplings J x i are all several factors lower than the detunings ∆ i0 = |Ω i − Ω 0 | We simulate all of the gates in Table I and find that all result in a maximum fidelity above 0.99, when the driving is J = J z i /5. The average fidelity as a function of time can be seen in Fig. 10 . Table I . Circuit and corresponding gate model parameters for possible Toffoli gates. Since the circuit parameter space is rather large we have several possible solutions, some, but far from all, possible solutions are show in the table. The different solutions are labeled and color coded in the first column. The colorcoding corresponds to the simulation results seen in Fig. 10 . The second column shows the circuit parameters for the circuit in Fig. 1(b) . E0, Ei, and Ez,i indicates the Josephson junction of the target qubit, the control qubits and the coupling between them, respectively. C0, Ci, and Cz,i indicates the capacitance of the target qubit, the control qubits and the coupling between them, respectively. The second column shows the obtained gate parameters, which can be seen in Eq. (A7). The last column show the quality parameters of the gate. α0 and αi are the anharmonicities of the target and control qubits, respectively, while E J 0 /E C 0 and E J i /E C i are the ratios between the effective Josephson energy and effective capacitive energy. The subscript i indicates i = 1, 2, i.e., the control qubits.
Circuit parameters
Gate parameters Quality parameters E0 Ei Ez,i C0 Ci Cz,i Table I. 
